
 
Normatps Dtf 3 1

We've now shownhowto define 4K if K is the kernel of

some homomorphism However We showed that you can define
the multiplication in the group w out using thehomomorphism

at all ie ak bk abk This raises a natural question

Question If HEG can we define the quotientgroup
G H

Anywer In general no We will see why soon In fact we'll

show that thegroupoperation on is welldefined if and

only if It is the kernel of a homomorphism We'll soon give
a criterion to determine when H is a kernel

First we'll show that for any subgroup the followingholds

Pep Let NEG The set of left cosets of N in G form

a partition of G

PI For any gcG ge gN since I c N Thus the Union

of coset is all of G

Suppose UN tvN WLOG let une UN but not in vN

We want to show UNAVN 0 For the sake of contradiction



assume g e UNn v N then g Ua v b

un Uaa n Vba ne v N a contradiction Thus

The corsets form a partition D

Note This means that h and V are in the same coset
F u N v N U uh some new V UEN

Pep let G be a group and NEG

1 The operation on left cosets UN v N WN is welldefined

it and only if gng cN for all gcG and all new

2 If the aboveoperation is well defined then the Cosets

form a group w identity IN and GN g N

PI 1 First assume it's welldefined i e if UN WN andUNV'N

then UVN U'V N
pwn gun g g Nb

ut g e G ne N Then IN h N so Ig N ng N

gg N gong N

N ging N gng c N

Now we prove the converse Assume ghg EN f neN geG
Suppose u u cUN ie uNu'N and V V'cVN



We need to show U cUVN For some h men we have

U'V um un UVV 1mVh Uv v1mV h

V m v eN hen so UV v mu n e WN as desired

2 If the operation is well defined we just needto check the

group axioms

For ge G lNgN lgN GN GNIN so IN is the identity

gNg N gg N IN g gN gNgN so GN has inverse g N

If a b c cG associativityfollowsfrom associativity on G D

So now we havea condition forwhen GIN is a group More

formally

Def gng is the conjugate of new by g

The set gNg guy theN is the conjugate of N by y

G normalizes N if gNg
t N

A subgroup N E G is hormal if every element of G

normalizesN and we write NQG todenote that N is a

normal subgroupof G



Sometimes it's hard to check gNg N so we can use the

following

Them The following are equivalent

1 NEG
2 gN Ng t gcG
3 gNg EN f geG

PI Clearly 1 3 For the rest seeHW

Now we showthat normal subgroups are exactly possible kernels
of homomorphisms

theorem NEG is normal it is the kernel of a

homomorphism

PI If N is the kernel of a homomorphism then we showed

left cosets are the same as right cosets Thus the
above shows NIG

Now assume NIG Then let H GIN and define

4 G GIN by 4 g gN

By the definition of the operation on if g heG



4 gh ghN gNhN 4Cg4 h

so this is a homomorphism and

4cg IN GN IN GEN go buy N D

Cx
1 Any subgroup of an abelian group is normal
since ghg n t g ne Cr

In fact if NE 2 G then N is normal in Cr since

every element of N commutes w everyelement of G

2 2 Dr 1 r so 42 IDs
The sets in Dkny are the two element sets g.gr
so there are 4 of them i e D z 1 4

Which group of order 4 is it isomorphic to

r2 c v2 so frfr 1 2 5 1c r2 so s r2 1 2
i e 2 distinctelements have order 2 so D rz 74

Thus D rz
E7272

3 let H 123 dSs Is Hess On HW HQS NIH S3



12 123 iz 132 c H Thus l2 c Na H
iz

we know HENS H ES Su Ns H S Hess
0 3 order 3 older6

53 11 2 so E Zz

EI non normal subgroup let It 121 ESs

i3 iz i3 23 H Thus Nsfw453 in fact it is justH so

It 53


